Catadioptric systems are realizations of omnidirectional vision through mirror-lens combinations. Designs preserving the uniqueness of an e ective viewpoint have recently gained attraction. We present here a novel approach for estimating the intrinsic parameters of a well-known catadioptric system consisting of a p araboloid mirror and an orthographic lens. We introduce the geometry of catadioptric line projection and we show that the vanishing points lie on a conic section which encodes the entire c alibration information. Projections of two sets of parallel lines su ce for intrinsic calibration from one view as well as for metric rectication of a plane. Our approach overcomes limitations of existing manual calibration methods and was successfully tested on the task of back-warping real-images images onto virtual planes.
Introduction
It is common sense in computer vision that increasing the eld of view enhances several visual capabilities like ego-motion estimation and localization 8, 3 . It has been further proved that uncertainty in ego-motion estimates depends on the shape of the imaging surface planar or spherical; in the spherical case it is lower than in the case of planar imaging surfaces 4 . The advantages of omnidirectional sensing are obvious for applications like surveillance, immersive telepresence, videoconferencing, mosaicing, and map building. A panoramic eld of view eliminates the need for more cameras or a mechanically turnable camera.
A panoramic eld of view camera was rst proposed by Rees 12 . After 20 years the concept of omnidirectional sensing was reintroduced in robotics 16 for the purpose of autonomous vehicle navigation. In the last ve years, several omnidirectional cameras have been designed for a variety of purposes. The rapid growth This work has been supported by A R O MURI DAAH04-96-1-0007, NSF GER93-55018, and NSF CDS-97-03220.
of multimedia applications has been a fruitful testbed for panoramic sensors 9, 1 0 , 1 1 applied for visualization. Another application is telepresence 13, 1 where the panoramic sensor achieves the same performance as a remotely controlled rotating camera with the additional advantage of an omnidirectional alert awareness. Srinivasan 2 designed omnidirectional mirrors that preserve ratios of elevations of objects in the scene and Hicks 7 constructed a mirror-system that recti es planes perpendicular to the optical axis. The application of mirror-lens systems in stereo and structure from motion has been prototypically described in 14, 6 . Omnidirectional sensing can be realized with dioptric or catadioptric systems. Dioptric systems consist of sh-eye lenses while catadioptric systems are combinations of mirrors and lenses. These sensors can be separated into two classi cations, determined by whether they have a unique e ective viewpoint. Conical and spherical mirror systems as well as most sh-eye lenses do not posses a single vantage-point. Among those that do have a unique e ective viewpoint are systems which are composed of multiple planar mirrors and perspective cameras all of whose viewpoints coincide, as well as a hyperbolic mirror in front of a perspective camera, and a parabolic mirror in front of a orthographic camera 9 . The uniqueness of a projection point is equivalent to a purely rotating planar camera with the nice property that a rotated image is a collineation of an original one. Hence, every part of an image arising from such a catadioptric sensor can easily rewarped into the equivalent image of a planar camera looking to the desired direction without knowledge of the depths of the scene.
The distortion removal presumes an exact alignment of the mirror and the lens as well as the knowledge of the optical parameters of both. In this paper we present the theory and an algorithm for the intrinsic calibration of a commercially available catadioptric system comprising a parabolic mirror and an orthographic lens 10 . The only method for intrinsic calibration of this system has been manual with the requirement that the parabolic mirror is entirely visible in the image. The user must determine by e y e the projection of its center as well as the radius of the projection.
In this paper we propose a new approach for the recovery of the intrinsic parameters of a parabolic catadioptric system. Our approach is applicable even if only a part of the mirror is visible in the image and does not require manual interaction or human estimation. The only requisite is the detection of two sets of parallel lines in the scene.
We develop a theory that describes the projection of parallel lines on such a catadioptric system. Given that the pixel aspect ratio is equal to one, parallel lines project onto circular arcs whose centers are collinear. When the aspect ratio is not one we obtain elliptical arcs instead of circular arcs; the ratio of coe cients of the ellipse directly reveal the aspect ratio. The projection mapping of a parabolic-orthographic system preserves incidence relationships. Therefore, the vanishing point of a set of parallel lines projects onto the intersection of the circular arcs with the property that we obtain two vanishing points for each set, one in each direction. We will prove that 1. The image center is equal to the intersection of the lines connecting the vanishing points.
2. The vanishing points that originally lie on a line in the plane at in nity horizon are projected to a circle. The distance of this horizon circle to the image center reveals the unknown scaling factor which i s t h e product of the lens and the mirror focal lengths.
3. The normal of the two sets of parallel lines can be directly estimated from the center of the horizon circle.
It should be noted that planar projection cameras can also be calibrated using vanishing points. It is already textbook material 15 that the three vanishing points arising from the perspective projection of a cube determine the image center, i.e. the orthocenter of the triangle of the three vanishing points. However, this is possible only if the aspect ratio is equal to one. In our approach w e use only two sets of parallel lines and do not assume orthogonality of lines. No intrinsic calibration is possible with such minimal data in the case of a planar lens-camera. Our approach resembles the recovery of intrinsics from a purely rotating planar camera. The approach can be easily adapted to calibrating hyperbolic mirrors with perspective lenses.
Geometric Properties of a Parabolic Mirror
The simplest rotationally symmetric paraboloid is described by the implicit equation
The parameter f determines the distance from the vertex of the paraboloid, located at the origin, to the focal point which lies on the optical axis Fig. 1 . The optical axis in this case is the z-axis. The special property o f the parabolic mirror which makes it so useful is that any r a y of light which is parallel to the optical axis of the mirror will be re ected so that the re ected ray appears as though it originated from this focal point. We use the inverse property, that is, the re ection of a ray which i n tersects the focal point will be a ray which is parallel to the optical axis. It is assumed that the 
Fitting Geometric Structures
In this section we describe the methods we used for tting conics and obtaining intersection points in the presence of noise.
Fitting Circles
In the next section we will need to be able to t a number of points in the image to a circle. We need to determine the parameters of the implicit equation 
Determining Circle Intersection
We showed that the intersection of the image circles of parallel lines intersect at two points, and that the image circles' centers are collinear. The two i n tersection points correspond to the vanishing points and allow us to determine the image center. We w ould like to determine these two points in the presence of noise.
One way to do this would be to minimize a sum of the implicit equations over x and y using gradient descent. But this method is nonlinear and does not utilize the information in the constraint that the circles' centers are collinear. A better approach is to note that the radius of the circles as a function of distance along the line on which their centers lie, is a hyperbola. This is because the radius of the circle at some point on the line is equal to the distance to the two i n tersection points of all the circles. The intersections of all the circles are the vertices of the hyperbola described by 
Calibration Algorithm
Due to space limitations we describe here only the case of aspect ratio s x =s y = 1 . If s x 6 = s y , then we t elliptical arcs instead of circular and rewarp the image using the ratio of the ellipse half-axes.
1. Obtain a set of points in the image which are the images of points on lines, such that the directions of all the lines are coplanar, and so that for every line there is another which is parallel to it.
2. To each set of points on a line, t a circle as described in the previous section on tting circles. Extract the radii and centers from the implicit equations of the tted circles. Group the circles so that the lines, of which they are an image, are parallel and thus the circles' centers are collinear. 
Experiments
We present here two experiments with real images. We used the commercial S1 design of the catadioptric camera Cyclovision, Inc. invented by N a yar 10 . Our algorithm presumes the detection of edge elements or blob points and their grouping into clusters corresponding to elliptical arcs. This is accomplished by a Hough-transform in the four-dimensional space of ellipse parameters. After establishing a rough estimate of the parameters through the accumulator maxima we re t the elliptical arcs using the algorithm 5 described above.
After eliminating the aspect ratio we follow the steps of 5.1 starting by tting circles. At the end we obtain the intrinsic parameters as well as the normal of the plane. In order to verify the accuracy of our estimates we backwarp the images by perspectively projecting rst onto a plane perpendicular to the optical axis. Assume that a point on the paraboloid is given by spherical coordinates ; ; where ; as shown in Fig. 1 and the azimuth angle. Using the intrinsic parameters we obtain the polar and azimuth angle from the pixel coordinates x p ; y p . The perspective projection on the virtual plane perpendicular to the optical axis reads then x v = c tan cos y v = c tan sin where c a scaling factor tuning the size of the resulting image in pixels. The normal of the scene plane can be estimated from the center and the radius of the circle through the vanishing points using eq. 3. Using the direction of the normal we are able to rotate the virtual plane to a plane which is parallel to the scene plane since a pure rotation is just a collineation. The perpendicularity of edges on these planes gives the accuracy of the pan-tilt estimate.
In the rst experiment w e recorded a series of images of a dotted plane taken from several angles. We show i n Fig. 3 the tted circles to the two sets of parallel lines middle and the back-warping onto the virtual plane parallel to the scene plane. Although the geometric accuracy of the result is superior the visual appearance may b e less impressive because we did not apply any sophisticated interpolation during the intensity transformation.
In Fig. 4 we show a second view of the same dotted plane from a slanted pose. In this image, we have been able to cluster also the diagonal points of the grid into a third set of circles. The rewarped image shows the accurate estimate of the pan and the tilt because the back-projected lines are perpendicular. The estimates for the image center from these two views are 353.89,233.38 and 353.697,239.58, respectively. The estimates of the scaling factor are 172. 16 and 164.282.
In the third experiment we recorded images of the ceiling containing several natural edges which are perpendicular to each other. Although the angle spanned by the landmarks is quite small the rewarped images show an amazing accuracy in the estimates both of the intrinsics and the pan-tilt of the ceiling with respect to the camera.
Conclusion
We i n troduced a novel method of intrinsic parameter estimation for an orthographic camera in front of a paraboloid mirror. We showed that two vanishing points can reveal the entire information about the scale factors, the image center, and the angle to the plane spanned by the two parallel line sets. The vanishing points can be obtained by taking the intersections of circles having collinear centers. We presented an easily reproducible algorithm including all the curve tting steps. Performance in real experiments was tested by rewarping onto virtual planes parallel to the actual scene planes. This paper not only lls a gap in the use of a commercial system but also paves the ground for a series of geometric results in catadioptric vision. In the immediate future we are studying the estimation theoretic part of the tting in order to take i n to account appropriate noise models. the ceiling. Middle: Two groups of four and three circles, respectively, tted on the images of the ceiling-edges. The lines through the vanishing points intersect at the image center and all the vanishing points lie on a circle. Right: Both, the collinearity of the edge elements and the perpendicularity of the edges show a superior performance in estimating intrinsics as well as pan-tilt of the ceiling using only natural landmarks.
